T
IL!HJI International Research Journal of Education and Technology

ISSN 2581-7795

IRJET

OBSERVATION ON THE TERNARY QUADRATIC
DIOPHANTINE EQUATION WITH THREE UNKNOWNS

13x? +3y? =640z°

1 2
B.LOGANAYAKI , S. MALLIKA

L M.Phil Research Scholar,  Assistant professor
Department of Mathematics

Shrimati Indira Gandhi College, Trichy, Tamilnadu, India.
Abstract:

The ternary quadratic equation given by 13x2 +3y2 =640z is considered and searched

for its many different integer solution. Seven different choices of integer solution of the above
equations are presented. A few interesting relations between the solutions and special polynomial
numbers are presented.
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Notation:

tm,n =N

{1+ (n —1);m - 2)}

PR, =n(n+1)
Gh,=2n-1

INTRODUCTION :
The Diophantine equations offer an unlimited field for research due to their variety [1-3].
In particular , one may refer [4-12] for quadratic equations with three unknowns. This

communication concerns with yet another interesting equation13x2 +3y2 = 64022 representing
homogeneous equation with three unknowns for determining its infinitely many non-zero integral points.
Also,few interesting relations among the solutions are presented.

METHOD OF ANALYSIS

The Quadratic Diophantine equation with three unknowns to be solved is given by,

14
© 2021, IRJEAT Volume: 02 Issue: 03 | July 2021



T
Lﬁm International Research Journal of Education and Technology

ISSN 2581-7795

IRJET

13x* +3y? = 640z° (1)

Consider the linear transformation

x=X-=3T
_ )
y=X+13T
Substituting (2) in (1) we get,
X2 +39T2 =407 2 @)
PATTERN: 1
Assume z =a? +39b? 4)
Write 40 as,
40 = [L+i/39 J1—i+/39) (5)

Substituting (4) ,(5) in (3) and employing the method of factorization, we get

(X +iv39T | X — /39T )= f1+14/39 L3 fa + /39 (a — iv/3%b)

Equating the positive factor,
(X + i«/@T)= <1+ i«/@Xa+ ib«/3_9b)2
= (X +iv39T )=(a? - 78ab 3902 |+ iV39(a2 + 2ab - 302
Equating real and imaginary parts,
X =a’ —78ab - 39b°
T =a’ +2ab—39b?

Substituting in (2)
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x(a,b)=—2a° +78b% —84ab

y(a,b)=14a% — 546b? —52ab

The non-zero distinct integer solution of (1) is obtained as

x(a,b)=—2a® + 7802 — 84ab
y(a,b)=14a% — 546b? —52ab

z(a,b) = a2 +39b?
PROPERTIES:

e .x(a,1l) + y(a,1) —148t, 5 +136P,; = 0(mod2)
o x(a,1)+z(al)-83ty 5 —84P, =0(mod3)
e2(al)+y(al)-67ty , —52P;, —50=0

e y(a,1)-14z(a,1)=0(mod52)

e 7x(a1)+ y(a,l)+ Gzppa +1=0

PATTERN:2

‘40’ can also be written as

4o (11+i\@2X211—i\@)

Substituting (4) ,(5) &(6) in (3) and employing the method of factorization, we get
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(x 1357 x _i/30T )~ (11+i\/@X11—i\/§X:2+i\/@b)z(a—i\/@b)z

Equating the positive factor

(X N i@T) (11+ i\/@X;iJr i\/@b)2
(X +iv39T )= [11a% - 78ab — 42902 )+ i1/3(a? + 22— 3902
Equating real and imaginary parts of the above equation, we get
X = %(na2 —~78ab - 429b2)

T = 2(a? + 22ab-390°)

Substituting in (2)
X =4a® —72ab —156b*
y =12a° +104ab — 468b?
The non- zero distinct integral solution of (1) is obtained as

x(a,b) = 4a® — 72ab —156b?
y(a,b) =12a2 +104ab — 468b?
2(a,b) = a® +39b?

PROPERTIES:
e x(a,]) + y(al) +16t4 5 —32P,; = 0(mod2)
e x(a,1) +z(a,1) -85ty 5 +72Pr5 = 0(mod3)

e y(@l+z(al)+91ty ; —104P, +429=0
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o x(a,1)-4z(a,1) = 48(mod 72)

e3x(a,1)—- y(a,l)+ Gigpq +1=0

PATTERN: 3
Write the equation (3) as
(7)
X2 +39T? =40Z°%x1
‘1’ can be written as
. [7+3iv39f7-3iv39) @

20?

Substituting (6), (7) and (8) in (3) and employing the method of factorization, we get

(X+i\@TXX—i\/§T)=(7+3' 39 )7 -3i )(11+|J_X11—|J_)( /550 (2 i390)

20°

Equating the positive factor

(X+i\/@T): (7+2|0\/_)(11+|«/_)( \/_b)

(X + /307 )= (- 402 +1560b +3120ab): ()i«/@(maz —1560b” —80ab)

Equating real and imaginary part of the above equation, we get

X =-a’ +39b? + 78ab

T =-a%?-39h% —2ab

Substituting in (2)
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X =—4a’ +156b% — 72ab

y=12a° —468b* —104ab
The non-zero distinct integral solution of (1) is obtained as
x(a,b) = -4a? +156b2 — 72ab

y(a,b) =12a® — 468h2% —104ab

2(a,b) = a +39b?
PROPERTIES:
o x(al)+y(al) —184ty 5 +352P4 +312=0
e .X(a,1) +z(a,1) - 69ty 5 + 72P;5; = 0(mod5)
e.y(al) +z(al)-117ty , +104P;, = 0(mod3)
e3x(al)+ y(al)+ Gygog +1=0
e y(a,1)-12z(a,1) = 0(mod104)
PATTERN:4
(3) can also be written as
(X+Z)X-2)=39(Z+T)Z-T)
Case: 1

(9) can be written in the form of ratio as

(X+2) 32z-T) «a
13z+1) x=z) pP*°

which is equivalent to the system of double equation as

XB—13aT +Z(8 -13a)=0
~Xa 38T +Z(a+38)=0
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Solving (11) by the method of cross multiplication, we get

X =—13a?% - 78ap + 332
T =-13a? + 20 + 332

z=-13a2 - 332

Substituting (12) in (2) the non-zero distinct integer solution of (1) are given by

}
x(a, B) = 260> —84aB— 63>
y(e, B) = -182a® — 5208+ 42 B>

2(a, B) = —13a® — 332
PROPERTIES:
e X(a1)+y(ad)+20t,, +136P, =0(mod2)
o X(a,)) + y(a,1)- 97, , +84P, = 0(mod3)
o y(a1)+z(1)+143,, +52P, -1=0
o X(ar,1)+ 22(ex,1) = 7(mod 84)
o 7x(a, 1)+ y(ar,1)+ Ggpg, +1=0

Case: 2
(9) can also be written in the form of the ratio as

X+Z 132Z-T) «
(z+T) (X-2) B

70

which is equivalent to the system of double equation as
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XB-3aT +Z(-3a+5)=0
~ Xa-13fT +Z(138+a)=0 (13)
Solving (13) by the method of cross multiplication, we get

X =-3a? —78af+13°

T =-3a? +2a+13p°

z=-3a% —13B° (14)

substituting (14) in (2), the non-zero distinct integral solution of (1) are given by

X(at, f) = 6a’ —84a - 263°
y(a, f) = —42a* —52a3+1823°

2(a, B) = -3a® —13p7

PROPERTIES:
o x(ax,1) + y(a,1) ~100t, 5 +136P, , = 0(mod 2)

o X(ar)) + 2(cr,1) 87ty o —84P, 5 +23=0

o.y(a)) +z(a)l) - Tty 5 +52 5 =0(mod5)
o X(a1)+22(a,1) = 52(mod 84)

o 7x(a, 1)+ y(ar,1)+ Ggpg, +1=0
Case: 3

(9) can be written in the form of the ratio as

21
© 2021, IRJEAT Volume: 02 Issue: 03 | July 2021



T
Lﬁm International Research Journal of Education and Technology

ISSN 2581-7795

IRJET

X +2Z =(Z—T)=g,ﬂ¢0
39Z+T) X-Z B

which is equivalent to the system of double equation as

Xp—-39T +Z(-39a+ p) =0

—oX - T +Z(a+p)=0

(15)
solving (15) by the method of cross multiplication, we get
X =-39a’ —78af+ p*
T =-39%° +2af+ B*
z2=-39a* - B*
“/ (16)

substituting (16) in (2), we obtained the non-zero distinct integral solution of (1) are given by
x(a, B)=78a’ —84ap — 237
y(a, B) =-546a° —52af3 +14 8>
2(a, B) =-39a° — B2

PROPERTIES:

o X(a1)+ y(a,1)+ 332ty 5 +136P, , = 0(mod3)
e X(a)) +z(a,1) =123ty 4 +84P; 5 = 0(mod3)

o.y(a1)+2(a)) +533ty 4 +52P; 4 ~13=0
o y(a1)-142(cx,1) = 24(mod52)

o 7x(a,1)+ y(@,1)+ G3pp, +1=0
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Case:4
(9) can be written in the form of the ratio as

X+Z _B2Z-T)_a 4 4
Z+T X-z B (17)

which is equivalent to the system of double equation as

Xp—al +Z(—a+ p)=0

—aX —394T +Z(a+395) =0

(18)
Solving (18) by the method of cross multiplication, we get
X =—a®-78af+395%
7=-a®-39p°
Substituting (19) in (1), the non-zero distinct integral solution of (1) are given by
x(a, B) = 20> —84aB— 1832
y(, B) = ~14a® — 5203+ 546 B>
2(a, B) = —-a® —39°
PROPERTIES:
o X(a1)+ y(a1)—124t4 5 —136P,, = 0(mod 2)
e X(a1)+ z(a,1) -85ty 4 +84P, +117 =0
o y(ad)+ Z(oc,l)—37t4,a +52P,4 = 0(mod3)
e y(a,1)—14z(x,1) = 0(mod52) ’3
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Conclusion:
In this paper, an attempt has been made to obtain non-zero distinct integer solutions to

the ternary quadratic diophantine equation representing 13x° +3y2 = 64022 homogenous cone.

As the Diophantine equations are rich in variety, one may search for integer solutions to higher
degree Diophantine equations with multiple variables along with suitable properties.
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